Abstract. In order to study quantum measurement theory, sequential product defined by A • B = A 1/2 BA 1/2 for any two quantum effects A, B is introduced. Physically motivated conditions ask the sequential product to be continuous with respect to the strong operator topology. In this paper, we study the continuity problems of the sequential product A • B = A 1/2 BA 1/2 with respect to the other important topologies, as norm topology, weak operator topology, order topology, interval topology, etc.
Introduction
Effect algebra is an important model for studying the unsharp quantum logic, it were introduced by D. J. Foulis (E3) For each a ∈ E, there exists a unique b ∈ E such that a ⊕ b is defined and a ⊕ b = 1.
(E4) If a ⊕ 1 is defined, then a = 0.
In an effect algebra (E, 0, 1, ⊕), if a ⊕ b is defined, we write a⊥b. For each a ∈ (E, 0, 1, ⊕), it follows from (E3) that there exists a unique element b ∈ E such that a ⊕ b = 1, we denote b by a ′ . Let a, b ∈ (E, 0, 1, ⊕), if there exists a c ∈ E such that a⊥c and a ⊕ c = b, then we say that a ≤ b and define c = b ⊖ a. Thus, each effect algebra (E, 0, 1, ⊕) has two partially defined binary operations ⊕ and ⊖. Moreover, it follows from ( [1] ) that ≤ is a partial order of (E, 0, 1, ⊕) and satisfies that for each a ∈ E, 0 ≤ a ≤ 1, a⊥b if and only if a ≤ b ′ . The most important and prototype of effect algebras is (E(H), 0, I, ⊕), where H is a complex Hilbert space, E(H) is the set of all quantum effects, that is, all positive operators on H that are bounded above by the identity operator I, the partial binary operation ⊕ is defined for A, B ∈ E(H) iff A + B ≤ I, in this case,
One can use quantum effects to represent the yes-no measurements that may be unsharp ( [1] ).
Let D(H) ⊆ B(H) be the set of density operators on H, that is, the trace class positive operators on H of unit trace, and P(H) ⊆ B(H) the set of orthogonal projections on H. For each P ∈ P(H), there is associated a so-called Lüders transformation Φ
is called the sequential product of A and B by Gudder and denoted by A • B ( [4, 5, 6] ). The product A • B represents the effect produced by first measuring A then measuring B. This product has also been generalized to an algebraic structure called a sequential effect algebra ( [7] ), that is Definition 1.2. ( [7] ). A sequential effect algebra is a system (E; ⊕, •, 0, 1), where (E; ⊕, 0, 1) is an effect algebra and • : E × E → E is a binary operation satisfying:
The operation • is called sequential product. This product provides a mechanism for describing quantum interference because if a • b = b • a, then a and b interfere ( [7] ).
Professor Gudder showed that for any two quantum effects B and C, the operation • defined by B • C = B 1 2 CB 1 2 satisfies conditions (SE1)-(SE5), and so is a sequential product of E(H). Thus, (E(H), 0, I, ⊕, •) is a sequential effect algebra, we call it the sequential quantum effect algebra.
In 2005, Gudder presented 25 open problems in ( [8] ) to motive the study of sequential effect algebra theory, some of them are solved in recent years ( [9, 10, 11, 12, 13, 14, 15] ). In 2015, Wang etc. studied the entropies on sequential effect algebra ( [16] ).
In [6] , Gudder gave five physically motivated conditions which fully characterize the sequential product on sequential quantum effect algebra (E(H), 0, I, ⊕, •), one of the conditions asked that the sequential product B • C = B 1 2 CB 1 2 is jointly continuous with respect to the strong operator topology. This showed that the continuity of sequential product operation • is an important and interesting problem, although the continuity of the operation ⊕ and ⊖ of effect algebras has been studied in [17, 18, 19, 20, 21] , however, the continuity of the sequential product operation • of sequential effect algebras has not been considered until now.
In this paper, we will fill the gap for the sequential quantum effect algebra (E(H), 0, I, ⊕, •), that is, we will study the continuity of sequential product B • C = B 1 2 CB 1 2 on E(H) with respect to the norm topology, weak operator topology, order convergence, order topology and interval topology. We will show that • on E(H) is jointly continuous with respect to the norm topology, • is continuous in the second variable with respect to the weak operator topology, order convergence, order topology and interval topology. We will present examples to show that • is not continuous in the first variable with respect to the weak operator topology, order convergence, order topology and interval topology.
The jointly continuity of sequential product
Definition 2.1. . Let H be a complex Hilbert Space. For any x ∈ H, the equation P x (T ) = T x defines a semi-norm P x on B(H). The family of all semi-norms {P x : x ∈ H} gives rise to a topology on B(H) called strong operator topology and denoted by SOT .
In the strong operator topology, an element T 0 ∈ B(H) has a base of neighborhoods consisting of all sets of type
where ε is a positive number and
It can be proved
Gudder had pointed out that • is jointly continuous in the strong operator topology( [6] ).
Next, we prove • is continuous with respect to the norm topology. Proof. By Lemma 2.2, we have A
3. The continuity of the sequential product in the second variable Definition 3.1. ( [22] ). Suppose that V is a linear space with scalar field K, and F is a family of linear functionals on V, which separates the points of V. For any ρ ∈ F , the equation P ρ (x) = |ρ(x)| defines a semi-norm P ρ on V. The topology generated by {P ρ |ρ ∈ F } is called weak topology induced by F . The family of sets of the form
where ε is positive number and x 1 , · · · , x m , y 1 , · · · , y m ∈ H constitutes a base of neighborhoods of T 0 in WOT. It can be proved that T α 
We give an example to show that the continuity of B • C = B It is easy to show that P n is an orthogonal projection operator for each n. That is P n W OT − −−− → P 0 is clear. Let
others.
Then B ∈ E(H).
Since {P n } are orthogonal projection operators,
is not convergent to P 0 • B with respect to WOT.
Let (P, ≤) be a poset. If {a α } α∈Λ is a net of P and a α ≤ a β when α, β ∈ Λ and α β, then we write a α ↑. Moreover, if a is the supremum of {a α } α∈Λ , i.e. a = ∨{a α : α ∈ Λ}, then we write a α ↑ a. Similarly, we may write a α ↓ and a α ↓ a.
We say that a net {a α } α∈Λ of P is order convergent to a ∈ P if there exist two nets {u α } α∈Λ and {v α } α∈Λ of P such that a ↑ u α ≤ a α ≤ v α ↓ a. We denote order 
However, the conclusion is not correct in the first variable. That is, 
Then there exists an increasing net {C n } ⊆ E(H) and a decreasing net
Let C n = a n b n b n c n . Then C n x, x ≤ Bx, x for each x. It follows that b n = c n = 0, a n ↑ 1 and C n = a n 0 0 0 where a n ≥ 0 and a n ↑ 1. C n x, x = a n x 2 1 .
For each x = x 1 x 2 with x 1 = 0,
x1 . Consider the function
So there exists a t such that f (t) > 0. Therefore, there exists an x such that (C n − A n • B)x, x > 0. This contradicts C n ≤ A n • B. Thus, we have {A n • B} is not order convergence to I • B = B.
Let (P, ≤) be a poset. Denote F = {F ⊆ P : if {a α } α∈Λ ⊆ F is a net and {a α } α∈Λ is order convergent to a ∈ P , then a ∈ F }. It can be proved that the family F of subsets of P defines a topology τ o on P such that F consists of all closed sets of this topology. The topology τ o is called the order topology on P ( [18] ).
It can be proved that the order topology τ o of P is the finest topology on P such that for each net {a α } α∈Λ of P , if a α o − → a, then a α τo − → a. But the converse is not necessarily true ( [18] ). Proof. Firstly, let f :
, F be a closed set with respect to the order topology τ o ,
Next, we prove that F 1 is a closed set with respect to the order topology τ o . Let {B α } ⊆ F 1 and
• is continuous in the second variable with respect to the order convergence. Note that order convergence is stronger than order topology, we have
Now, we show also that the conclusion is not correct in the first variable. 
for each x since the order convergence is stronger than WOT. As in Example 3.7, A n • Bx, x → Bx, x . It follows that M = B which is contradict with Example 3.7. Thus {A n • B} is not order convergent and F = {A n • B} is closed in τ o by the definition. Let
Then F 1 is closed with respect to τ o as we have supposed f is continuous. As {A n } ⊆ F 1 and A n o − → I, we have I ∈ F 1 . This implies B ∈ F . This is a contradiction. So f is not continuous with respect to τ o .
By the interval topology of a poset P , we mean the topology which is defined by taking all closed intervals [a, b] as a sub-basis of closed sets of P . We denote by τ I the interval topology. It can be verified that each closed interval [a, b] of a poset P is a closed set with respect to the order topology of P , so the interval topology is weaker than the order topology ( [21] ).
Lemma 3.10. ( [21] ). Let (P, ≤) be a poset and {a α } α∈Λ be a net in (P, ≤). Then a α τI − → a iff for any subnet {a γ } γ∈Υ , a γ ≥ r for r ∈ P implies a ≥ r and a γ ≤ r for r ∈ P implies a ≤ r. Proof. Let {B γ } be any subnet of {B α } and A • B γ ≥ C 1 for A, C 1 ∈ E(H). That is
is invertible. Then we obtain
for each γ. As B α τI − → B, by Lemma 3.10, we have
It is also easy to prove
Since (λI + A) 1/2 is invertible, it follows However, the conclusion is not correct in the first variable, too. Without lost generality, we suppose that E n ∈ V for each n. It follows that I 2 x 0 , x 0 − E n x 0 , x 0 ≤ | (
That is E n x 0 , x 0 ≥ . So E n = 0. Denote B = E n , then B is an orthogonal projection. E n • B = E n BE n = B, 
